International Journal of Scientific & Engineering Research, Volume 6, Issue 5, May-2015

ISSN 2229-5518

1474

Connecting sets of formalized operators

Nikolay Raychev

Abstract - In this report is examined the generalization of the principles, that control the formalization of a single qubit operator. The set of
the identical operators is used in order to be captured the types of operators, occurring at the application of negating operators in the n

qubit space.

Index Terms— boolen function, circuit, composition, encoding, gate, phase, quantum.

1 INTRODUCTION

The formalization of single qubit operators aims to present all
single bit operators as linear combinations of the identity and
negation sets. Both classes are analogous to the classical opera-
tors and therefore the formalization of single qubit operators
with these classes, acting as basis operators, provides means
for operation with primitive operators, grounded in the classi-
cal concepts for computations. It has been proven that the
space is enough to capture BQP, the class of tasks, efficiently
solvable by quantum computations [1, 2]. In previous publica-
tions of the author [6, 7, 8] were defined several sets of opera-
tors on the n qubit, that generalize certain classical characteris-
tics: identity and logical negation. Moreover, some ways were
explored in which can be constructed operators as linear com-
binations of elements from those sets. Such combinations cap-
ture the partial application of an operator together with an-
other operator, that in a broader sense is its logical negation.

2 RANGE OF THE N QUBIT OPERATORS

First, let's examine again the basic sets.

1. Ext, and Next, are the operators, that generalize the
identity and the negation respectively.

2. Int, is the subset of Ext,, that identifies the operators
both probabilistically and physically.

3. Ortho, is the set of operators, that connects states to
an orthogonal state.

4. Nint, is the intersection point of Ortho, and Next,,
and as such is the set of operators, that probabilistical-
ly and physically negate a given state.

5. Y, is the set of operators, that generally connect states
to a different state, in other words, they obviously
perform a "not" operation.

Until now was added a generalization, that encapsulates Y, -
the "not" operators - and Ext,, - the operators for identity. Def-
inition 1 defines the set of operators, that permute the basis set
{10}, [1), ..., |2™ — 1)}, while at the same time introduce a possi-
ble phase change. Theorem 1 gives a decomposition for that
set, that reflects that of V;,, given in Theorem 1.2.

Definition 1 The set p, includes all n qubit operators, for which
b,c € B*and V € p,,.
V|b) = *|c)

{0,1,...,2" — 1}, such that V,;); = £1.

In contrast to the set V;,, p, allows a state to be connected to
itself. For some subsets of {0, 1,...,2" — 1}, a p,, operator may
act as an Ext,, operator, while for the remaining subsets acts as
an Y, operator. The operators in p, are decomposed in respect
of the phase encoding and permutations matrices in the same
way as the ¥, operators.

Theorem 1 If V € p,, is a signed permutation operator such that for
all basic states |x), V encodes phase function f on the permutation o

as follows,
Vix) = (-1)/®|o(x))
(25)

Then there exists the permutation matrix B and the operators
F,G € Ext,, that encode o and the boolean functions f and g with
g = f°o™?, respectively, such that V = B°ID; = ID,°B. More over,
f =1D;and G = ID,.

Proof. If V is given, the operators F, G and B can be constructed
as follows

F; = (_1)f(i)6ij .

Cj = (_1)9(1)5U = (_1)f(0 (l))5ij

where (—1)® is the non-zero value in column i of V and
(—1)@7'®) is the non-zero value in column i of V1 or an al-
ternate row 7 of V. For operator B

Bij = [Vl

foralli,j € {0,1, ..., 2"}. It then follows that for each x € B"
BF|x) = (-1)/®B|x)

(=1)/Da(x))

Clo(x))

1770 jo )

= (-1)/®|o(x))

GB|x)

Theorem 2 establishes the basic relations between the opera-
tors sets p,, ¥, Ortho,, Next, and Ext,.

Theorem 2 Forn > 1

Operators in p, can be presented by 2"x2™ signed permutation 1. Y, c p,
matrices. For each V € p, there exists a permutation o of 2.Ext,  p,
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Ortho, C Y,

4. Next, Cc Y,
Proof.
1. Y,cp,

From the definition of p,, and Y, is visible, that both sets con-
tain signed permutation matrices and ¥, € p,. However, p,
allows operators, that connect one or more states with them-
selves. Such operators do not exist in ¥;, and therefore Y;, € p,,.

2.Ext, € p,

The set Ext, can also be defined as signed permutation matri-
ces, that encode the permutation o such that ¢(i) = i. From
this follows that Ext,, € p,,. Given that ¥;, € p, and ¥;, N Ext,, =
@, it follows that Ext,, C p,,.

Ortho, € Y, u Next, C Y,

From Theorem 4.2.2, that characterizes the matrix presentation
of an Ortho, operator, it follows that each A € Ortho, is a
signed permutation matrix, in which no state is linked to itself
and therefore Ortho, € Y,,. Additionally, Theorem 4.2.1 clearly
places any Next,, operator in¥;, and therefore Next,, € Y;,. Now
let's consider the operator N @ N.

0 0 0 1
0 =Ny _ {0 0 -1 0
N®N‘(1v o)‘ 0 -1 0 0 (26)

1 0 0 0

It is known that N @ N € Y,,. If it is in Ortho,, then for any
two-qubit state [¢), (PIN@N|p) = 0. However,
(@IN Q@ N|p) = 2(po¢p3s — ¢1¢,), which is 0 only when
GoPps — 1, = 0. Ortho, # ¥, It follows then that Ortho < Y
and so by corollary 4.2.3 it is clear that there exists operators in
Ortho,, but not in Next,, and therefore Next, C V,. In the
hierarchy are placed the elementary indexed operator and the
two-qubit controlled operator. The set Ugzij,, as defined in
Definition 1.1, contains all two-qubit controlled operators.
Definition 2 introduces the sets, containing the indexed basis
operators.

Definition 2.
EXt1|n = {A[t] |O <t<ndAe€ Eth}

Inty), = {A[t]lo <t<nAE€ Intl}

Nexty, {A[t]|0 <t<nAde Nextl}

Nintyp, = {A4|0 < t <n,A € Nint, }

From these definitions may be established the ratio between
the indexed form of the single qubit basic gates and the broad-
er space of the n qubit basis operators. Theorem 3 creates these
relationships for the identity operators and Theorem 4 makes
the same for the negation operators.

Theorem 3 For n>1

1.Inty), = Int,

2.Exty, © Ext,

Proof. From equation 1, it follows that for each ¢, Ij;) = I,, and
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—Iiy = —I,. Thus nt,},, = Int,,. From 1 it is seen that for each
A € Exty, Ay € Ext,. However, for all i€ [0, 2"),(i|A[t]|i) =
(—=DF@areo, If it is given, that Ext, allows random phase
assignments, can be constructed B € Ext,, such that for i, j with
i = j, buti # j (i|B|i) # (j|Bl)).

Theorem 4 Forn >1
1. Nexty), € Next,

2.Nexty, € ¥y

Nint,, c Ortho,

Proof. From equation 1 follows that for each A € Next,, Ay €
Next,, since A connects |x) with +|x®2!), and not +|x). How-
ever, from the same observation it is seen that Next;,, € 1;,, as
no state will be connected to itself. Furthermore, there exists a
non-empty subset of V;,, namely Next,, in which can not be
found Next,, operator. For A € Nint,, it is known from equa-
tion 2, that all non-zero entries are found on A;;q,t. Since
A;; + A;; = (jlAli) + (i|Alj) follows that, for all i and j such
that j # i@2¢, 4;; + A;; = 0. When j = i@®2¢, it is known that
GAli) + (i|Alj) = (_1)8(11A)1(Xt) + (_1)8(“)1(7:)

If it is given that &g, ,), € BAL, then (j|Ali) + (i|Alj}) = 0 and
A € Ortho,,.

After the indexed forms of the single-qubit basis operators,
placed in the hierarchy of the n qubit basis operators, were
examined, now the attention can be focused at the controlled
operators. Theorem 5 establishes the location of Ug1|, within
the hierarchy, while Theorem 6 establishes the relationships
between the controlled and indexed operators.

Theorem 5 Forn > 1
.Z. U~Blln C pn

Upppn & Y, U Ext,,
Unorn & Y, U Ext,,

Uzgroin € Ext,

RN N

Uongin € Yr

Proof. 1t is clear from their definitions, that Ug1, € p,. Fur-
thermore, from the characterization of the matrices of Uz, is
seen, there does not exist an operator in Ug1,, that i also in
Next,, as at most one bit can be reversed by an operator in
Ug1,, and Next, requires all bits to be reversed. From there
Ug1), € pn. From the characterization of the operators in Ujp,,
and Uyorpn, given in Definition 2.1 is visible, that the operators
from both sets connects some basic states with themselves and
others - with the state with reversed bit . The matrix for such
an operator, as shown in corollary 2.2 is neither in Ext,,, nor in
Y,,. Thus, Uyp),, € Y, U Ext,, and Uyorn € Y, U Ext,,.

From corollary 22 and Theorem 2.4.1.2 it is visible, that
Uzgroin € Ext,. However, for each allowable control bit ¢, can
be constructed A € Ext, such that for f,g € B'f# g and
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i €[0,2™) (i|A]i) = (—1)/®< and all other entries on the diag-
onal are equal to (—1)9%<. From corollary 2.2 it is clear that
such an operator is not in Uzggojn-

From corollary 2.2 and Definition 1.1 it is visible that Ugyyg, €
Y,, as the Uyyg, operators always connect |x) with +|x@2).
However, it is also clear that for n > 1 none Uyyg), operator
does not connect |x) with |X) and therefore there exists a non-
empty subset of ¥;,, which does not cross with Ugyg.

Theorem 6. For n>1

1. Nexty), € Ugngin

2.Exty), © Uzggron

Proof. If operator V = CUpp(4,4) € Uzgroln is such that
A € Exty. It can easily be checked that V = A and therefore
Exty)n, € Uzgropm- If it is selected B € Ext; such that A # B and
V = CUjq1(4, B) € Uzgrojn- In such case V is equivalent to an
indexed operator, as it applies two different phase changes
operators to two different subspaces of the n qubit space, as
shown in Definition 2.1. Therefore Ext,},, © Uzggo|n. The same
argument can be used relative to Ugygp,, only with A, B €
Next;, in order to be shown that Next,, € Uypygp,. Theorem 6
establishes the last relationships, that are necessary to con-
struct a hierarchy of elementary operators.

3 CONCLUSION

This report began with a simple extension of the formalized oper-
ator, that acts on a single qubit in a single qubit space. The effect
of such operator is given from equation 1. At the generaliza-
tion of the principles, that manage the formalization of the
single qubit operator, the set ¥;, of the operators was estab-
lished in Definition 1, in order to capture the types of opera-
tors, occurring at the application of Next,; operators in the n
qubit space. This in turn admitted Theorem 3, that character-
izes the extension of the single qubit operators to an n qubit
space in a way similar to the single qubit operators in a single
qubit space and provided an unified view of the operators,
which act on a single qubit.
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